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Abstract. Any Jordan curve in the complex plane can be approxi- 
mated arbitrarily well in the Hausdorff topology by Julia sets of polyno- 
mials. Finite collections of disjoint Jordan domains can be approximated 
by the basins of attraction of rational maps. 

1. Polynomials 




Figure 1. A filled Julia set in the shape of a cat. The 
polynomial which generates this Julia set has degree 301. 
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Let J be a Jordan curve in the complex plane. Denote by K the open 
region "inside" J, and denote by M the open region "outside" of J in C. 
Denote by p>Q the inverse Riemann map ipo : C — D — > M; by Caratheodory's 
conformal mapping theorem, (po extends to a continuous homeomorphism 
ip : C — D — > M U J. Because cp is injective, the coefficients for the terms of 
degree greater than 1 in the Laurent series for tp centered at must all be 
zero. Hence 

Cl C2 

ip(z) = cz + c H 1- —z + .... 

z Z A 

(The value |c| is said to be the transfinite diameter of KL) J.) For each n G N 
and k £ N, k < n, set r£ = 93(e fc27ri/n ). For each ra G N, define w n : C C 
by 

n 

(i) ^(*) = c -»n(z-ry). 

For each n G N, define the polynomial P n : C — > C by 

P n {z) = z(u n (z) + 1). 
J. H. Curtiss studied the behavior of the polynomials ui n in |Cur41j . 

Theorem 1.1. (Curtiss, |Cur41] ) Let Mq be a closed subset of M , and let 
Kq be a closed subset of K . Then 



lim uj n (z) 
n— >oo 



uniformly in z on Kq, and 



lim ~H T" = 1 ' z = 

n— >oo — 1 

uniformly in z on Mq. 
For e > 0, set 

K e = {z £ K : d(z, J) > e}, and 

M e = {z £ M : d(z,J) > e}. 

We will assume that e is always small enough that K e and M e are both 
simply connected. 

Lemma 1.2. Assume £ K. Fix r > such that B r (0) C X and fix e > 0. 
T/ien i/iere exists a real number k > 1 and iV G N suc/i £/ia£ n> N implies 

(i) |P„0)| < r /or a// je G K £ , 

(ii) |P ra (2;)| > k ■ \z\ for all z G M e , and 

(hi) K ■ \z\ > inf{|w| : w G M e } for all z G M e . 

Proof. Set 

Q = sup{|z| : z G -ftT e }, 

q = M{\z\ : z G MJ, 

= sup{|z| : z G C - M e }, 

y = inf { : w G c^ _1 (M e )}. 

Note that y > 1. This is because (/j _1 (<9M e ) is a simple closed curve con- 
tained a compact subset of the region region {w : > 1}; distance to 
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the unit circle is a continuous function on this subset, and thus attains its 
infimum on the subset. 

Pick k > 1 such that k ■ q > q. Pick €2 > such that £2 < r/Q. Since 

lim - i f ri r = 1 

n->oo [if (Z)) n — 1 

uniformly for z G M e by Theorem and > 1 on M e , we also 

have that 

lim , Un };j + 1 = 1 

uniformly on M e . Hence there exists iVi G N such that n > N\ implies 

\u n (z) +1\ > (1 - e 2 ) • \w n - 1| 
for all z G M e , with z = <p(w). Pick N2 G N such that n > N2 implies 

1-62 

Since 0J n (z) converges uniformly to —1 on K e by Theorem there exists 
A^3 G N such that n > N3 implies \uj n (z) + 1| < r for all z G K e . Let 
N = max{N 1 ,N 2 ,N 3 }. 

Now consider P n for n > N. For z G K e , 

\P n (z)\ = \z\ ■ \u n (z) + 1| < Q ■ e 2 < r. 

For z G M e , 

\P n (z)\ = \z\ ■ \u n (z) + 1| > |z| • (1 - e 2 ) • \w n + 1| > |z| • (1 - e 2 ) • - 1| 
> \z\ ■ (1 - e 2 ) • (y" - 1) > |*| • (1 - e 2 )( T -^-) = \z\-k 

i — €2 

□ 

Let dnaus {X, Y) denote the Hausdorff distance between the subsets X 
and Y of C. For any polynomial P, let J{P) an K{P) be, respectively, the 
Julia set and filled Julia set associated to P. Also define A4(P) = C — IC(P). 

Lemma 1.3. Assume G K . Then there exists a polynomial P : C — > C 
such that 

(i) d Ha us(fC(P),K)<e, 

(ii) d Ha us{J{P),J) < e, and 

(iii) dtfa US (.M(nC-lO <e. 



Proof. Let JV £ N and k > 1 be as in the statement of Lemma |1.2[ Let 
n > N, n G N. Since K e contains the disk B r (0), the property |P n («)| < r 
for all z £ K t implies K t C K.{P n ). The property 

|P„(z)| > k • \z\ > ml{\w\ : w G M e } 

for all z G M e implies that Pn(M e ) C M e , and thus that \P^(z)\ > K m ■ \z\ 
for all m G N and z G M e . Hence, /C(P n ) n M e is empty. 
We have a decomposition of the plane 

C = M £ U {z : d(z, J) < e} U A' e . 

We have shown that K e C fC(P n ) and that M e n IC(P n ) = 0, and we have 
not determined whether fC contains points in {z : d(z, J) < e}. □ 
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Figure 2. A filled Julia set in the shape of a butterfly. The 
polynomial which generates this Julia set has degree 301. 



Theorem 1.4. Fix e > 0. Let D be a bounded, simply connected set in the 
complex plane. Then there exists a polynomial P : C — > C such that 

(i) d H aus(IC(P),D) <e, 

(ii) d Haus (J(P),dD) <e, and 

(iii) d Haus (M(P),C-D)<e. 

Proof. The boundary dD can be approximated arbitrarily well in the Haus- 
dorff topology by a Jordan curve J C C — D. Fix a point p in the region 
"inside" J and define r to be t he tr anslation t(z) = z—p. Let P' be the poly- 
nomial guaranteed by Lemma 1.3 for the curve r( J) . Then P = r _1 oP'or 
is a polynomial which has the desired properties. □ 



2. Rational Maps 

Let Ji,...,J m be a finite set of pairwise disjoint Jordan curves in the 
complex plane. For each j, let Kj denote the bounded component of the 
complement of Jj and let Mj denote the unbounded component. Let K = 
UKj, let J = UJj, and let M = C - K. For e > 0, let K e = {x G K : 
d(x, J) > e} and letM e = {x £ M : d(x, J) > e}. 

For a rational map R : C — > C for which oo is an attracting fixed point, 
we will use the following notation: 
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*•«•< 




Ai(R) = {the basin of attraction of 00} , 
K(R) = C-M(R), 
J(R) = d(K(R)). 

For each j and each n £ N, define Wj jra to be the polynomial defined 
by equation ([!]) for the curve Jj. For each n £ N, define a rational map 
O n : C -> C by 

-1 

(2) = I ^J(w i>n (z) + I)" 1 

Lemma 2.1. Fix e > 0. Fix real numbers B > b > 0. T/ien i/iere exists 
N £ N smc/i i/iai /or a// integers n> N , 

(i) |O n (^)| < 6 /or a// z £ K € 

(ii) |Q„(z)| > -B /or a// 2 G M e 
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Proof. Pick positive real numbers d and D with d small enough and D large 
enough that (\ — ^fy^) < b and ^ > B. As a consequence of Theorem 



[LTJ there exists iV G N such that for all n > N and all j, \w j,n( z ) + 1| is less 
than d on Kj^ e and greater than D on Mj e . 
For z G Ki 



E 



1 



> 



1 



E 



1 



> 



1 



m — 1 



so |0„(^)| < 6. For s G M e , 

E 



=1 ^jV 



1 

z) + l 



sE 



< 



so |f2„(^)| > -B. 



□ 



Theorem 2.2. Lei Z?i, ■■■D m be a finite collection of pairwise bounded, sim- 
ply connected sets in the complex plane, and let D = (J ■ Dj . For any e > 

there exists a rational map R : C — >• C for which oo is an attracting fixed 
point and such that 

(i) d Ha us(fC(R),D) < e, 

(ii) d Haus {M{R),t-M) < e, and 
(hi) d Haus (J(P),dD) <e. 

Proof. For each j, approximate (9.D., by a Jordan curve Jj such that 

dHaus(Jj,Dj) < e/2 

and such that the set of curves J\,...J m is pairwise disjoint. Assume, for 
now, that G -Ke/2- Let p be the radius of a small ball about contained 
in K e / 2 . Fix 6 > small enough that 

b ■ sup{|z| : z G -ftT e / 2 } < P- 

Fix £> > 1 large enough that 

B ■ wf{\z\ : z G M e/2 } > sup{\z\ : z G K e/2 U J e/2 }. 



Let iV be the integer guaranteed by Lemma 2.1 and fix an integer n > N. 
Define the rational map R n : C — > C by 

R n {z) = z ■ U n (z), 

where 0, n is given by equation Q. Then for z G K e / 2 , 

\Rn(z)\ = \z\ ■ \£l n (z)\ < \z\ ■ b < p. 

For z G M t/2 , 

\R n {z)\ = \z\ ■ \n n {z)\ > \z\-B. 

Therefore, the basin of attraction of oo for the map R n contains all of M € / 2 
and has empty intersection with K e / 2 . Thus, under the assumption that 
G K e / 2 , we have proved the claim. To remove this assumption, define 
r to be a translation such that G t(K 6 / 2 ), and use the rational map 



Rot. 



□ 
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Theorem 2.3. Let D\ and D2 be Jordan domains in the complex plane 
with D2 C D\. Let A be the annulus D\ \ D2. For any e > 0, there exists a 
rational map R : C — > C for which 00 is an attracting fixed point and such 
that 

(i) d Haus (K(R),A) < e, 

(ii) d Ha us(M(R),<t- A) < e, and 

(iii) d Ha us(J(R),dA) < e. 

Proof. Without loss of generality, assume G D2. For each n e N, let ui iTl 
be the polynomial given by equation ([I]) for the domain D\ and let W2,n be 
the polynomial given by equation ([!]) for the domain Z?2- Fix a point c in 
the interior of A. For each n G N, define the rational map R n by 

R n (z) = z{ui, n {z) + 1) + c + 1 

Theorem implies z(o;i jra (z) + 1) + c converges uniformly to c on closed 
subsets of D\ and diverges on proper subsets of the complement of D\ , while 
— — converges uniformly to on closed sets in C \ D2 and diverges 
on proper subsets of D2. The bounding technique used to prove Lemmas 



1.2| and |1.3| then shows there exists N £ N such that R n has the desired 
properties for all n > N. 

□ 



3. Discussion 



Theorem 1.4 extends the analogy between the dynamics of rational maps 
and Kleinian groups. The discussion of inversive two-manifolds in [ST83] ex- 
amines Kleinian groups generated by inversions through circles arranged in 
a chain along a Jordan curve. The approach in |ST83j leads to the following 
theorem: 

Theorem 3.1. Any simple closed curve C can be approximated in the Haus- 
dorff topology by limits sets of finitely- generated quasi- Fuchsian groups. 

This result above is stated in |Hubj . The maps constructed in Theorems 



1A\ and |3.1| both use a set of special points strung along the curve - in the 
first case it is the roots of the polynomials, and in the second case it is the 
centers of the circles which define the inversions. 



Question. Characterize those sets S C C such that for any e > there 
exists a polynomial (or rational map) P such that dHaus(S,fC(P)) < e and 
d Ha us(C-S,C-JC(P))<e. 

The theme of this paper has been to first fix the "shape" we wish to 
approximate, and then vary the degree of the polynomials whose Julia sets 
approximate the shape. However, the reverse approach - first fix a degree 
d, and then analyze the set of Julia sets for polynomials of degree d - also 
warrants investigation. 

Question. Find a method to determine 

{P : P is a polynomial of degree n and dnaus(J (P)> S) < e} 
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for any given n £ N, e > 0, and ScC. 
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